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SUMMARY

We discuss two practical issues concerning the relationship between the entropies of the
atmosphere and of the radiation field. The firstissue is whether the radiative flux of entropy
canbe determined from a satellite with sufficient accuracy for climate studies. We conclude
that au accuracy much better than1 % is required, but that this canbeachieved, inthe thermal
spectrum, with spectrometers having spectral yesolutions ~ 1 em™ It is also possible that
the required accuracy canbeachieved with a non-spectral approach. Thesccond issue is
whether therate of change of the atmospheric entropy inventory canbeinferred from the
outgoing radiative entropy flux. We conclude that, for clear skies, and inthethermalregion
of the spectrum,the two are directly proportional, aud that the atmosphericterm cau be
inferred with useful accuracy from au empirical relation.

1 Introduction

The two decades that, have elapsed since the seminal paper by Paltridge (1975)
have shown a steady rise in interest in the entropy of the atmosphere and the
entropy carricd on the radiation field. There is, however, no direct relationship
between these two quantities. The interesting quantity is the entropy of the
atmosphere, but it is difficult to measure, while the radiation flux to space is
siimple to measure, but more difficult to interpret.

W c may treat the atmosphere and the radiation field astwo separate, in-
teracting systems, with entropy and interna] encrgy per unit volume equal to
s% and ¢® for the atmosphere and to ¢ and ¢” for the rad iation field. Yor the
combined systein,
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If matter and radiation interact in a closed system, then,according to the first
law of thermodynamics,

€= ¢% 4 é" =0, 3
while, according to the second law of thermodynamics,

s=38%4s >0. (4

The dots indicate rates of change. The inequality refers to irreversible changes.

Dynamnical meteorology treats the atmosphere as a fluid that isin astate
of local thermodynamic equilibrium, with a well-defined value of the local tem-
perature, 7. Such is consistent only with reversible heat interactions with the
atmosphere. Hence, neglecting radiative work interactions on the atmosphere!,

,a

ca &

3 ®)
It follows from (3), (4) and (5) that,
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Irreversible changes arc involved in the process of radiative transfer? as wc
may see from the following argument. T'he equation of radiative transfer allows
us to separate ¢’ into two terims, the encrgy change by absorption, €7, < 0 and
the energy change by emission, ¢7_;, > o.For the sake of this example, assume

that there is no net change in theenergy of the radiation field, or, from (3), in
the energy of the atmosphere,

¢ = é{mil + é;hs = 0. (7)
From (3) and (5) it aso follows that the atmospheric energy and entropy do not
change.

Let the matter and radiation have temperatures 7' and 7rad, respectively.
These temperatures will differ except inside a constant- temperature enclosure.
The emitted component originates in the matter and will create entropy at a
rate ¢,.;./7°, while the absorbed componentdoes s0 a a rate ¢, /7raq. The
net interchange of energy is zero, and reversible entropy changes are also zero.
Conseguently the total entropy source (for this siinple exainple) consists of these
two terms only, and is irreversible.
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Mechanical work is of the order of u/c times the change of internal energy, where v is the
velocity of the atimosphere, and ¢ is the velocity of light
2“Anirreversible element isintroduced by t he addition of emittingand absorbing sub-

stance” ,MaxPlanck (1959), p-190.
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We shall refer to (8) as theirrcversible source of radiation entropy. In the next
scction we shall show that (8) is positive definite. The irreversible process in-
volved is the thermalisation of radiative encrgy. It affects the radiation entropy,
but not the atmospheric entropy, ancl is not relevant to the behavior of the
atmosphere itsalf. Measurements of the entropy of the radiation field will be
affected by this source, and it must be accounted for it we arc to separate out
the reversible sources.

The irreversible source is particularly important for solar radiat ion for which
Trad = 6000 K. For solar absorption followed by thermal emission the rate of
increase Of irreversible entropy islarge and can greatly exceed any increase of
atmospheric entropy. To seek a direct relationship between the entropy of solar
radiation and atmospheric entropy is not likely tobe rewarding.

Useful relationships may be shown to exist for thermal radiation, however,
and wc shall restrict the discussion to this topic. For these relationships to be
of practical value,we need to know whether entropy measurements of sufficient
accuracy can be made from a satéllite. The principal source of error is the finite
spectral resolution of the observing instrument, The first objective of this paper
is to understand this limitation,

From a satellite wc can measure the fluxes of radiant energy and radiant
entropy leaving the atmosphere. Fluxes are related to source terms try (see
Goody and Yung 1989, 1q.2.11),

aF(s -
AN ©
al”’(c)
8z = (10)
and if the lower limits to tbc integrals are inside the lower surface, the fluxes to
space arc,
Fols) = / 70z, (11)
0
Fio(e) = J ¢ dz (12)

The right sides of Fqs.(11) and (12) are the column inventories of §” and ¢7,
respectively. Before concluding this section wemay ask wily suchinventorics
arc relevant to current resecarch. I’here arethree reasons. First, both energy
and entropy are state functions and their inventories help to define the state of
the climate system, sce the work of Peixotoefal. (1991). Second, according to

a well-known theorem,
‘a . q.sll‘l
§4dV = - = dV, (13
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where irr is the irreversible fluid dissipation and V represents the climate sys-
tem. If the left side of (13) can be derived from the radiative entropy flux, wc
have a measure of an important constraint on climate models. ‘1'bird, according
to Paltridge (1975), the state of the atmosphere corresponds to @ minimuin in
the left side of (13). While Paltridge’s conjecture has not becn proved, it has
stimulated interesting  discussions.

2 Sources of radiation entropy

‘he relationship between energy radiance, I,, and entropy radiance, I.,,was
first established by Planck but was derived in more modern terms by Rosen

(1954),
2L, 21, eI, ¢?l, ¢,
InEq.(14), c, h, v,k al have their usual meanings.

Equation (14) expresses a one-to-one relationship between energy and en-
tropy radiances. A stream of monochromatic radiation is a onc-parameter sys-
tem and, according to a fundamental theorem in thermodynarnics, there is no
distinction betweenthe first and second laws for one- and two- parameter sys-
tems. This draws attention to the fact that ther ¢ is no mere information in the
entropy radiances than in the energy radiances. Consequently, if we work with
observed entropy radiances, wc can learn nothing more in principle than from
energy radiances. However, the information is organized in a different way, and
that can be important, in practice.

Radiative source terms, pcr unit volume, are (see Goody ancl Yung 1989,

Eq.2.11),
© - dlL,
T = de/ dv ) (15)
[Ix 0 di
® dl,
é” = / d&N,/ dr f (16)
4r 0 dl
Diflerentiating (14) with respect to displacement in thel-direction gives,
dl, ko (1 + ;{{5) dl,
LA — ’
dl hv £ly dl
1dl,
= -2 17
1, di (n

1, is the emission temperature, obtained by replacing 3, (the Planck function)
by I, in the expression for the radiance for complete therinodynamic cquilib-




rium,
2h3/c?
e BT 1)
exp{hv/kT,)- 1
Complete thermodynamic equilibriumn (as contrasted with local thermody-
namic equilibrium) exists inside a constant-temperature enclosure. ‘I’hen, from
Kirchofl’s laws,

1, - B,, (29
and 7, becomes equal to the enclosure temperature 7. For comnplete thermo-
dynamic equilibrium, according to (4),

s -ts"=o. (20)
In general, 77 #£ 71, and §" 4 s" # 0. We may writ e, formally,

& 5 =8l (21)

s, is the irreversible contribution to the change in the entropy of the radiation
field. According to the second law of thermodynamics it is positive.

This result may be confirmed follows. From Egs.(5), (15), (16), and (21)

WC may write,
- A 1\ dI,
fom foa | (5ma) )

For local thermodynamic equilibrium, Schwarzschild’s equation of transfer for
thermal radiation is,

dl
G B 1), @3)
where ¢, is the extinction coeflicient. Hence,
& _,/ dw/ooe (= 19) = -1 a (24)
irr — i 4 0 v 3y (7,“/ 7,) .

From the definition of 7, by Eq.(18), we may show that,
A LA B, -1,
——— —In - - s - - —
1w { (2B, /23 4 1Y)
The sign of (25) is the same as for (f3, —1,), and (24) is, therefore, positive
definite.

(25)
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3 Calculation of sources

We obtained profiles of temperaturcfrom a one- dimensiona radiative-tropical-
convection model, kindly loaned to us by Dr. Arthur Hou. The mmodel is specified
by the solar input and a relationship between temperature and humidity. Details
of themodel are unimportant for our purposes; it sinply provides atmospheric
profiles that reseinble climate states.

Fnergy radiances are calculated withthe AFGLMODTRA N program.
Throughout the thermal spectrumm, MODTRA N has a spectral resolution of
about 1 cm!. Entropy radiances arc calculated from energy radiances using
Eq.(14) (for the importance of the finite spectral resolution of MOTRAN, see
the following section). Calculations arc made for 34 discrete levels. The calcula-
tionstops 34 krn above the surface. MODTRAN includes aneclementary cloud
model, and gascous densities are variables.

At cachlevel we calculate fluxes of energy and entropy,

o0 41
F(c) = /o dl// 2n1,(€)E dE, (26)

oo 41
fis) = [ [ e, (27)

where £ is the cosine of the zenith angle.
The source terms arc caculated from finite differences,

Frg 9) = Fu(s)

Sn = :”471 Tz, N (28)

. Faga(e) - Fi(e)

C; - zn+1 - Zn ' (29)
€

§¢ - —__._Int 30

n I”(,]‘rHl “J(‘fl‘n )/2 ( )

In the subsequent discussion we usec the numerical data for comparative pur-
poses only, and systematic errors, such as from the limited spectral resolution,
tend to cancel. Wc do not believe that any of our conclusions arc affected by
the accuracy of t he numerical algorithins.

Inarecent paper Li, Chylek and Lesins (1994) have calculated entropy source
terms for a radiative-convective model. They use two different procedures. The
method they uscd for solar radiation corresponds to the straightforward usc of
Eq .(14), in the mauner of this paper. For thermal radiation they develop an
equation Of transfer for entropy radiance,andapproximate the source function
by assuming complete thermodynamic equilibrium. We discuss this approach
inthe appendix. It is in error for optical depths that are not large.
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Figure 1. Errors in entropy calculations caused by spectral averaging.

4 Effect of finite spectral resolution

Fquation (14) is non-] incar, and the calculated entropy radiance will depend
upon the degree of averaging (the spectral resolution) of theenergy radiances.
Outgoing radiances from the earth’s atmosphere show a finest ructure of rotation
lines that cannot be completely resolved by misting satellite spectrometers.
Some information is lost in the process of averaging, and this reflects itself in a
positive error in the entropy calculation.

How precisely do we need to calculate entropy fluxes? Lesins (1990) shows
that important climate issues involve global average entropy changes of about
1%. ‘I’here arc questions involving absolute versus relative precision, and there
is the possibility that averaging data from different locations may lead to global
data of higher precision. Nevertheless, Lesins’ figure offers one yardstick for
judging the possible impact of computational errors. Ideally wc would like to
scc entropy errors not greater than 0.1%.

The AIRS spectrometer that is to be flown on the second EOS satellite,
can record from 564 to 2964 cm~! with a spectral resolution of approxinately
1cm™!. This resolution can also be achicved by other satellite observing sys-
terns. An outgoing spectrum of the encergy radiance for this spectral region was
available to us at resolutions between 0.002 and 0.004 cm-l, infinite resolution
for all practical purposes. Entropy radiances were calculated from Eq.(14) and
integrated over the entire spectra] range. This was done first a full resolu-
tion, and thenrepeated after smoothing the data over intervals froin 0.0625 to
32 cm-l. Thenonlincar character of (14)is such that averagingincreases the
entropy.



The percentage error as a function of spectral resolution is shown in Fig.1.
The erroris 0.18% for 1 em™! resolutionand 0.1% for 0.35 cin™! resolution. The
latter resolution is technically achievable; errors fromn limited spectral resolution
can probably be held within the desired limits. The slow increase of the error
with resolution below 4 em™! is attributable to gradual sinoothing out of the
rotational fine structure. When the smoothing is 8 cm™!or greater serious errors
appear. These errors arc associated withsmoothing of the gross structure of
the bands.

W c made similar calculations of the effect of spectral resolution on the en-
tropy calculation for four sensitive regions near to band centers. Fractional
errors in the center of the 9.5um 0,band were severa times larger than those
shown in Fig.1but, averaged over the entire spcctrum,they do not appear to
matter.

An interesting feature of this discussion is that both ILesins (1990) and
Stephens and O’Brien (1993) calculate entropy fluxes at the top of the atmo-
sphere using energy radiances integrated over the entire spectrum, derived from
low-resolution KERBE data. The basis for their calculation is an assumption
that the outgoing radiance can be approximated by the radiance from a black
body at the emission temperature,7e. If the outgoing radiauce is the I’lanck
function, it may be shown that,

FYe(e) - oTd, (31)
4
Ft=(s) = 3»07;3. (32)

(31) is Stefan’s law. Since T, is calculated from the total cnergy flux, this
relation ensures that the energy flux used in the approximation is identical to
the actual energy flux. (32) is the result of integrating (14) over freguency, using
the Planck function, see Fssex (1 984). The superscripts (+4-, - ) indicate that the
integrals in (26) and (27) are taken over the two hemispheres independently. 7.
will differ for thetwo hemispheres.

If we eliminate 7% between (31) and (32), we find,

P (5)=: 20575 X 1072{ ()} 1, W 111-21{-" *. (33)

Since the emissiontemperature dots not appear in kEq.(33) it is conjectured that
it may be approximately correct for non-cquilibi ium radiation fields.

To investigate the errors involved in Eq. (33) wc have calculated fluxes di-
rectly using MODTRA N together withlq.(14), for a variety of atmospheres
with different solar fluxes and cloud amounts. As we have Shown) entropy
fluxes calculated with 1 em~?! resolution may be too large by about 0.2%, but
to calculate at maximurn spectral resolution would have involved unreasonable
amounts of computing. The relationship between F(s) and F'(c)¥ at all levels,
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Figure 2: Test of Eq. (33) for one atmospheric structure. Crosses ( x ) are up-
welling fluxes; asterisks (*) arc downwelling fluxes. The full line follows Eq.(33).
Both axes arc in M KSunits. For this ascent thc upwelling entropy flux at the
top of the atmosphere was 1.271 W m~ K- 1,




for one of these atmospheres, is shown in Fig. 2. Agreeinent. with Eq.(33) is
remarkably good for upward flux components; less so for downward components.

For the purp oses of this paper, the important quantity is tile upwelling flux
at the top of theatmosphere. On the basis of 20 different ascents, with solar
fluxes between 200 and 400 W m~2, some with clouds and some without clouds,
wc found a least-squares best fit,

Foo(s)= 2.043 x 1072 Foo (€)% +2.41x 1 0°, Wm™ 2K " (34)

The zero offset in Eq.(34) is not significant. The root- mean-square deviation
from I2q.(34), as a percentage of the mcan value of Fo(s) (1. 193 W m~2K- 1),
is 0.3570. This error is surprisingly small in view of the fact that no information
associated with the line and band structure is used. The numerical factor 2.043
in Bq. (34) should be modified to 2.039 to allow for errors associated with 1 cm’?
averaging.

5 Entropy sources for clear skies

Fquations (28), (29), and (30) were evaluated using MODTRAN. The differenc-
inginvolved in kgs.(28) and (29) means that resolution errors should be unim-
portant for the source terms. The irreversible term in the radiation entropy was
calculated from kq.(21). Wc first discuss 7 cases of cloud-free conditions.

Figure 3 shows the results for onc clear-sky ascent. ‘he irreversible entropy
sour-cc is always positive definite, and smaller in magnitude than the atmospheric
and radiation source terms. We arc interested in inventories of these quantities,
scc kgs. (1 1), (1 2), and (13). These involve integrals through the atmosphere,
including surface terms. These surface terms arc shown in the insert to Fig.3.
The question at issue is whether the inventory of $¢ can be inferred from the
inventory of .4”, which, from (1 1), is equa to the entropy flux to space. A
least-squares best fit to the data gave tile following relation between these two
guantities,

cm
/ s dz= 0.7376 Fro(s) + 2.04 X 10*, Wm=2K-". (35)
0

The zero offset is not statistically significant. The root.-Inean-squarc deviation
of data from kq.(35), expressed as a percentage of the me-au value of f0°° §%dz
(0.9358 W m~2K 1), is 0.17%.

Wc had anticipated a relation of the nature of (35). It is known (see, for
example, Goody and Yung 1989, §6.4.1) that the radiation-to-sp ace approxima-
tion WOrks remarkably well at all levels in a cloud-free atmosphere. This means
that most cooling is by photons that escape to space.lor this process the ir-
reversible terinisknown precisely. A photon escaping to space can potentially
do work at a rate that combines a very smallradiation pressure with the very
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Figure 3: Source termms. ‘his calculation is for a clear sky, for a solar flux of
300 W m~2, and the Manabe-Wetherald relative humidity climatology. For &
and é” the surface term is a radiation flux.

large velocity of light, and is one third of the rate of escape of internal energy.
Since this work is not used by the atmosphere3, there is anincrease of entropy.
This accounts for the factor §inq.(32). I'bus, the anticipated value of the
slope in Eq.(35) is 0.75. Some irreversible thermalization is aso involved, but
it is small, and is satisfactorily included empirically.

This combination of a theoretical basis, together with statistical errors less
than 0.270, shows that changes in the inventory of atmospheric entropy can be
inferred from outgoing radiation entropy fluxes to a degree of accuracy that is
useful for climate calculations.

6 Entropy sources for cloudy skies

For satellite fields of view that include both cloudy and clear areas, algorithms
have been developed that yield the clear-sky radiances (Chahine 1976). nom
such radiances the entropy inventory can be obtained by usc of lq.(35).

What can be said about the cloud-covered regions? Remote sensing at opti-
ca wavelengths isnot appropriate for below-cloud data in cloud- covered regions,
whether they be entropies or any other state variables. This is hot such a crucia

3Radiation from the sun can perform work on the solar sail of a fast,interstellar spacecraft.

1




] e RS AE ol v e e o e g o TV Y+ YT s e s Sy e T

L
1
30} [}
!
1
' fouetem | SukaaTerm
)
250 ' o' 8134030 Wm?
1
¢ e 03104 W 2!
L}
H » o ysawn !
& 20 H coed ot wn !
)
o 1
:
138
<18 o
_-———“ : Gladc ' ST

° e ! Y ke
-200-10 -1.00-10 ,,’g . K 1.00-10 20310
" Sources ol Energy (Wm X~ 0 005) and’ Entruyy wmIch

3 o104

Figure 4: Source terms for a cloudy atmosphere.The cloud lies between 8 and
12km.

limitation as might appear at first sight. A comparison between observation and
prediction in cloud-free regions is a good test of a numerical model, even though
incomplete.

13 cases of cloudy atmospheres were calculated, and for these the slope in
Eq.(35) varied from 0.4311 to 0.7353. For some cases of low clouds, (35) may
be of vaue, but it is difficult to select the appropriate cases a priori.

Figure 4shows entropy and energy sources for one model atmosphere with
cirrus clouds between 8 and 12 km. Thelarge excursions of €" (== —¢°) are a
well-known phenomenon, with strong cooling at cloud tops and strong heating
a cloud bases. There are accompanying positive and negative exc ursions in §"
and So. These excursions show a great deal of cancelation,unlike the data in
Iig.3. 4] is constrained to be positive, and its variability is less than that of
the other sources. If it is assumed to be const ant, or to be weakly correlated

withthe solar flux, a rough estimate of the atmospheric entropy source may be
made.

7 Conclusions
Sources of atmospheric entropy can provide important information for climate

calculations. For cloudless skies the integrated source Of atrnospheric entropy
canbe inferred, to a useful level of accuracy, from the outgoing flux of radiation
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Appendix: Approximate equation of transfer for
entropy radiance

Fora stratified atmosphere, Eq.(23)maybe written,
dl
L =1, - B,(T), 36
€ = v Bul1) (36)

where £ is the cosine of the zenith angle, and7, is the optical depth. In local
thermodynamic equilibrium, B,, the source function) is equal to the Planck
function.

From equations (14) and (36) wc may write an equation of transfer for the

entropy radiance,

fiLV' =1Ly,= S, (37)

¢ dp.

where,

2kv? 2B, c?1, B, %1,
S,, = *-*C_Z— {(ﬁug -+ 1) In (5}‘;1;3 + ]) - 2}”/3 In (:?f_l—l/‘)} s (38)
is, by analogy with (36), the entropy source function.

I'ssex (11984) argues that (38) may be approximated by setting I, =B, in
this term but not, of course, in equation (14). The attraction of this assump-
tion is that the source function becomes a function of 7" and v only, and (37)
may be solved by the same methods that are used to solve (36). Essex refers
to this assumption as the Equal Thermodynamic Protocol refinement of local
thermodynamic equilibrium (ETP-LTE), ancl shows that it is justified in the
limit hv/kT > 1.

For our purposes, the radiation entropy mustbe integrated over al frequen-
cies, and the above inequality dots not hold over the full range of integration.
However, Essex and Lesins (1 992) and 1i, Chylck, and Lesins (1 994) have ap-
pliecd KTP-LTE to the calculation of integrated entropy fluxes.

A detailed numerical assessment of this met hod would be valuable, for it
is useful, if applicable. Wc shal look at one situation for whit.11 exact and
approximate solutions arc easy to obtain. Wc caculate the downward radiaucc
from a grey-absorbing isothermal slab of optical depth, 7,,withno radiation
incident from above. This is probably the mostsevere test of IT'P-LTE that
could be devised, and other situations, including non-grey atmospheres, may
have sinaller errors.

The solution to (36) is,

L(r /€)= B, (1 - /) (39)

For downward directed radiances, £ is negative
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If we write (14) in the operational form,
L,=1L,[1], (40)

then the exact solution for the entropy radiance can be obtained from Eqs. (39)
and (40),

L, /€)= Ly [B,(1 - ¢™*/f)] (41)
From (14), (38), and (40), the approximate source function is,
S, = 1,[D"], (42)

and the ETP-L'T'E solution becomes,

L (e, [6) = 1,187 (1 - e7/¢) (43)

For grey absorption, 7, =7,and (42) and (43) may be integrated over al
frequencies to give,

LAPPTOX (1) a2y (44)
a >
pexect(uy . 5= (), (45)

where u =1—¢7/¢. The function X(t)has most recently been evaluated by
Stephens and O’Brien (1993). For u < 0.1,

x(1w)=u(0.96516 --0.27765 In U). (46)

x(u) for larger u is shown in Fig.5.lor large optical depths (u --» 1), E TP-
LTE is satisfactory, but for small optical depths(u— (), the fractional errors
can be very large. The radiation-to-space result, discussed iu §5, implies that
atmospheric energy and entropy sources are associated with optical depths that
arc not large.
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Figure 5: L(u)/4%7% as afunction of ufrom Eqs.(44) and (45).
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